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Abstract 

We focus on the study of ground-states for the system of M coupled semilinear Schrodinger 
equations with power-type nonlinearities and couplings. We extend the characterization re¬ 
sult in to the case where both attraction and repulsion are present and cannot be studied 
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1 Introduction 

In this work, we consider the system of M coupled semilinear Schrddinger equations 

M 

i{vft +Av,+ ^kij\vjf~^^\vi\P~'^v, = 0, i=l,...,M (1.1) 

j=i 


where V = {vi, ...,vm) '■ K'*’ x ^ fl c open with smooth boundary, pj e M, 

kij = kji, and 0 < p < 2/{N — 2)+ (we use the convention 2/{N — 2)+ = -boo, if = 1, 2, and 
2/{N — 2)+ = 2/{N — 2), if A ^ 3). Given 1 ^ f ^ ^ M, if pj > 0, one says that the coupling 

between the components Vi and Vj is attractive; if pj < 0, it is repulsive. 

When we look for nontrivial periodic solutions of the form V = with U = (ui,..., um) e 

(called bound-states), we are led to the study of the system 

M 

Aui-wu,-b 2 = 0 i = l,...,M. (M-NLS) 

j=i 

On the other hand, one may also consider periodic solutions where the time-frequency is not 
necessarily the same for each component (one then says that the components are out of phase). 
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These solutions are of the form V = and the stationary system is 


M 


Alt* - LOiUi + kij\u 




= 0 i = 1, 




(M-NLS’) 


j=i 


Notice that, if M = 1 and , the presence of a; > 0 may be eliminated by a suitable 

scaling. However, in any other case, such a procedure is no longer possible. 

In any case, for both physical and mathematical reasons, one is interested in bound-states 
which have minimal action among all bound-states, the so-called ground-states. The set of such 
solutions is noted G. For in the scalar case, one may prove that there is a unique 

ground-state Q (modulo translations and rotations, see [1]). For a general fl, the problem has 
not been completely solved. However, it is known, for example, that there exists a ground-state 
if 


> —Ai(n), Ai(n) — 


first eigenvalue of — A on i/ySA), 


n bounded 


0 n infinite parallelipiped ' ^ 


The vector case is much more complex. The existence of ground-states for system (M-NLS’ 
on has been proven under the sufficient and necessary condition 


3C/=(ui,...,UM)e(H'(K'^))“: 



(1.3) 


using a suitable variational formulation. We note that the result is still true for any 17. In fact, 
one proves that the set of ground-states is the set of minimizers of 


inf 



3 - 



(1.4) 


for a precise and explicit A. To prove existence of minimizers, the main difficulty is the strong 
compactness of the minimizing sequence in In 17 bounded, this is trivial, since one has the 

compact injection Hq{Q) ^ L^P+^(f7). For 17 = , one uses the concentration-compactness 

principle and proves the compactness alternative. For 17 an infinite parallelipiped, one simply 
extends the minimizing sequence to by 0 and apply the technique for the whole space. Since 
the existence of ground-states for general 17 is an open problem, we shall make the following 
assumption 


"The set of all ground-states for (M-NLS) over 17, G, is nonempty." (Exist) 


One then may pose a number of questions: is there a unique positive ground-state? Does 
a ground-state have all components different from 0 (called nontrivial ground-states)? Can we 
obtain a simple characterization of the family of ground-states? Are the solutions positive and 
radially decreasing? 

Regarding system (M-NLS), for 17 = K^, a recent work (|5]) has answered to these ques¬ 
tions for a very large family of matrices K = Essentially, if one may group the 

components in such a way that two components attract each other if and only if they belong 
to the same group, one may answer all questions above in a satisfactory fashion. One may also 
prove that, in the case where all components attract each other, the result is extendible to any 
17. If this grouping hypothesis fails, the situation becomes much more difficult. The reason is 
that two components may repel each other directly but, by transitivity, they also attract each 
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Figure 1: The simplest balanced system: the signs indicate wether the components attract or 
repel each other. Thongh components 1 and 3 repel each other, they are both attracted to 
component 2. This case was studied for the first time in |1]. 


other (see fignre 1). Then the balance between these forces is not clear and the analysis is not 
straightfoward. 

it is impossible in general to obtain a characterization 


For the general system (M-NLS’ 


similar to the one for (M-NLS I. 

n = i'' 


Resnlts obtained so far consider mostly the case M = 2, 


For this case, the behavionr of the system with respect to the parameters is very well 
understood. Uniqueness of positive radial solution has been considered in and US], mostly 
through a careful analysis of the system of ODE’s that one obtains when considering radial 
solutions. The question that has attracted more attention in the past few years is the existence 
of nontrivial ground-states. We advise the reader to check |TU| . [7], [T^ l and references therein). 

For system (M-NLS), 


In this work, we shall consider both systems (M-NLS) and (M-NLS’ 


we complete the work started in [ 2 ] and obtain the characterization of ground-states regardless 
of conpling coefficients. We note by G+ the set of nontrivial ground-states. 


Theorem 1. Consider system (M-NLS) and suppose (Exist). Define / : (M)]')*^ 


M 

f{x) = 


and let X cz be the set of solutions of 


fi^o) = fmax ■■= max f{X), l^ol = 1. 
\X\ = 1 


(1.5) 


( 1 . 6 ) 


Then U e G if and only if there exist e C, 1 ^ i ^ M , such that {fmax)^^'^^{Wi\'> I^mD £ ^ 
and Uq ground-state of 

Au — uju-h \u\^^u = 0 on U (1.7) 

such that 

U = (aiMo)lsSisSM- (1-8) 

In particular, G"*" ¥= 0 if and only if there exists X e X such that X^ ¥= 0, i = 1,M. Moreover 
G = G"*" if and only if all elements of X have no zero components. 


Remark 1. The fact that the constants appearing in (1.8) do not depend on U is a remarkable 


property. As a consequence, the qnestion of wether G"*" is empty or not is also independent on 
U. For example, we know that, for M = 3, fci 2 > 0, fcia, ^23 < 0 and U = K^, either oi = 02 = 0 
or 03 = 0 (see [2]). This has been proven by argning that translating the third component of 
a gronnd-state to the infinite decreases the action, which is not an available argnment for 


bounded. Now, however, we see that the resnlt is also true for any U for which (Exist) holds, in 
particnlar over bounded domains. 
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Remark 2. In |3], it is considered the case H M = 3, p = 1, ki 2 ,k 23 > 0 and fcia < 0. 

They prove that if ku = 1, i = 1,2,3, ki 2 ,k 23 ^ 6^ and ki 3 ^ — 6 , <5 > 0 small, any nontrivial 
ground-state is not radial. This implies that such a ground-state cannot be of the form U = 
{aiQ)i^i^ 3 , where Q is the unique ground-state for the scalar equation, since Q is radial. Together 
with the above theorem, one sees that there are no nontrivial ground-states for this system. We 
claim that it is possible to obtain such a conclusion in a more general setting. In [2], it is proved 
that, for p > 1 and kij > there exists e > 0 such that, if max^^^- \kij\ < e, there are no 

nontrivial ground-states. To prove this, one uses the implicit function theorem to determine the 
constants of the characterization formula as a perturbation of the system where kij = 0,i j. 
Afterwards, the computation of the action proves that the ground-state is semitrivial. We now 
notice that this proof still works without the restriction kij > 0. In fact, this restriction was 
made only because the characterization result available needed such an hypothesis. 


For (M-NLS’ I, since a reduction to the scalar case is impossible, the main questions are about 
existence of nontrivial ground-states (one might also discuss uniqueness, but that is a difficult 
matter even for the (M-NLS) system, where we have a complete characterization). Our results 
focus on two approaches: the first considers perturbation of the parameters of the system, while 
the second considers a real-valued function on the parameters whose properties determine the 
emptiness of G+. We now explain the main ideas. 


Approach 1: Perturbation theory 


First of all, a scaling reduces any (M-NLS’) system to the case w > 1. Given a nonempty 
symmetric subset P of {1,..., M}^, /3 e K and p > 0, consider, for i = 1, ..., M, 

Aui - {1 + r]{uji - l))u^ + 2 kij\uj\P'''^\ui\P~'^Ui + ^ l3kij\uj\P'''^\ui\P~^Ui = 0 (1.9) 


For the sake of simplicity, suppose that kij > 0,V(i, j) e P. If one considers the ground-state 
action level, and the semitrivial ground-state action level, then is 

equivalent to G = G+. The continuity of these action levels with respect to /3 and 77 leads to 
perturbation results: if, for some /3o,?70) one proves that the ground-state action level is strictly 
lower than the semitrivial action level, then the same inequality is valid for close to /3o,r]Q. 
We exemplify such an argument with two corollaries: 


Corollary 2. Consider system (M-NLS’). 

1. If M = 2 and 0 < kii,k 22 « ^ 12 , G = G+; 

2. For M > 3, if ku = — 1 , Vi and kij = /3, Vi A j, there exists e > 0 such that, if 

2 „ 2 


M - 1 


<S< 


M -2 


+ C; 


( 1 . 10 ) 


then G = G+. 


Corollary 3. Consider system (M-NLS’), M > 3. Suppose that Lt = , p ^ 1, uji ^ 102 ^ 

... ^ wm o,nd kij = b > 0, \li ^ j. Assume that 


M -1 


M 


> 


(M-2)Vp {M-1Y/P\uji 


ujm 


2—p(N-2) 


( 1 . 11 ) 


Then there exists ^ > 0 such that, i/max^ \kii\ < 6b, G = G'^. 
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Note that the first part of corollary is already known (see |T^ and [TO])- Also, in corollary 
d if wi = WM, the result is a particular case of H] and [g. Even so, we prove these results for 
two reasons: first, the proof is very simple when one looks from this pertubative perspective; 
second, the approach is rather different in nature and it deals only with continuity properties, 
which may have a greater capacity of generalization to other systems. 

Regarding corollary a comment is in need: it might be expected that the restriction p ^ 1 
would be technical. In fact, for M = 2, the result is valid for any p > 0. By contrast, we prove 

Proposition 4. Consider system (3-NLS), with p = 3, ka = 0,'ii and kij = l,Vi 7 ^ j. Then 
G+ = 0. 


We conjecture that the above result applies for more general M and p, with ku = p, Vi, and 
kij = h, Mi ^ j, fi « b. In fact, a necessary and sufficient condition for the existence of nontrivial 


ground-states should be (see equation (4.331) 


M 


< 


M - 1 


(M-I)Vp (M-2)i/p' 


( 1 . 12 ) 


In fact, if the only possible nontrivial ground-state is the one with all components equal, this 
condition determines wether it truly is a ground-state. Numerical simulations suggest that this 
uniqueness should hold for any p, M. We advise the reader to compare this hypothesis with the 
condition for existence of nontrivial ground-states that appears in [S]. 


Approach 2: Mandel’s characteristic function 

Once again, given a nonempty symmetric subset P of {1,..., and /? G M, consider the following 
system: 


Aui -uJiU^+ ^ ki^ 


IP+i| 


IP-1, 




+ S /3%l 


= 0, i = (1.13) 


In section 5, we shall build a mapping f3 !—>■ j3 such that, if 

• P < P, then = 0 ; 

• /3 > /3, then G^ = G/j; 

• P = P, then Gp\G^ i- 0 . 

This approach was introduced by R. Mandel m) for the system with two equations to study 
the existence of nontrivial ground-states as a function of the coupling coefficient ki 2 . The (very 
important) feature of the case M = 2 is that any semitrivial bound-state is never influenced by 
the coupling coefficient. This implies that /? is constant and therefore it defines in a very precise 
way when does G+ 0. For more equations, jd is not that well-behaved (for more details, see 
section 5 and the last example in section 6 ). Using this mapping, we may however prove two 
results: 

Proposition 5. Let U be a semitrivial bound-state for (M-NLS’) and suppose that P cz {1, ..., M} 
is such that 

(1.14) 

Then, for j3 large, U f G. 
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Proposition 6. Consider system (M-NLS’) and fix p ^ 1. Suppose that kij = /3 > 0, Vi j, 
and kii = p > 0,Vi. If fi « p, any ground-state has exactly one nonzero component. 


This work is organized as follows: in section 2, we give a few definitions and fix some notations. 
In section 3, we focus on the results regarding system (M-NLS). In sections 4 and 5, we study 
system (M-NLS’), the first using perturbation theory, the second using Mandel’s characteristic 
function. Finally, in section 6, we give three examples: one to see the application of theorem 
[T] the rest to show the complexity of these systems for M = 3. We recall that we shall always 
assume (Exist I. 


2 Preliminaries 

Definition 7. (Bound-states and ground-states of (M-NLS)) 

1. We define bound-state of (M-NLS) as any element (ui, ...,um) s (iVg (n))*^\{0} solution 
of (M-NLS I and define of all bound-states of (M-NLS). 


2. A nontrivial bound-state is a bound-state such that Ui V" 0, VI. The set of such bound- 
states is called On the other hand, a bound-state which is not nontrivial is 

called semitrivial. 


3. Given U = {ui, ...,um) 6 (^^o(^)))^> set 


Mr. p M p 

im{U) = ^ iVuip -f WjluiP, Jm{U) = ^ k^j \u, 

i = l'^ ^ 2,7 = 1 ^ 


P+^\ufiP+^ 


and define the action of U, 


Sm{U) = -Im{U) - 


( 2 . 1 ) 


( 2 . 2 ) 


4-. The set of ground-states of (M-NLS) is defined as 

O(m-nls) = {U e • ^m{U) ^ Sm(W), MW e c (2.3) 

and the set of nontrivial ground-states is 

^}m-NLS) ^ O(M-NLS) ^ ^}m-NLS)- 

Ui and 


Remark 3. If t/ e Im{U) = Jm{U) (one multiplies the i-th equation by 

integrates over K^). Therefore 


Sm{U) = ( - 


- il 


Jm{U). 


2p -f 2 ^ 

Hence a ground-state is a bound-state with Im (or Jm) minimal. 

Remark 4. Throughout this work, we shall assume that kij are such that 

{U e : Jm{U) > 0} ^ 0. 


(2.5) 


(PI) 


This hypothesis is necessary for the existence of bound-states, since Jm{U) = Im{U) > 0, for 
any U e Furthermore, we shall assume that a; > 0. 
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Remark 5. Since M > 2 will always be fixed, to simplify notations, we write 


and 


^ •— ^(M-NLS)^ ^ ■— G(m-nls)^ G 


(M-NLS) 


I ■— Im, J ■— Jm, S Sm- 


( 2 . 6 ) 

(2.7) 


Let ^ 

The following lemma, which may be found in [2], gives a variational characterization of the 
set of ground-states: 

Lemma 8. Under hypothesis (PI) and (Exist), G is the set of solutions of the minimization 
problem 

I{U) = min I{W), J{U) = Xg- (2.9) 

J (Vy)=AG 

Moreover, if Vl = , (Exist) holds. 


3 Proof of theorem 1 


Take U e G. Define U{x) = (|ui(a:)|,..., |uM(a;)|) and u{x) = \lJ{x)\. Since J{U) = J{U) and 
I{U) > t(C/), (j is a minimizer. Fix Xq g X. Now notice that 


JiU) = J f{U{x))dx = J/ f )f(^j ^ J f{Xo)u{xfP~^‘^dx 


u{x) 

= J / {Xou{x)) dx = J{Xou) 
and that, from Cauchy-Schwarz inequality. 


I{Xou) = J u:u{xf\Xo\^ + |V(R(a:))|' l^ol" = J ^ 


UJ UM 


I].=ikivk 




« M 

s: 2a;Kp + |VK|p = /([/). 

i = l 


Let a ^ 1 be such that J{aXQu) = J{U). Then 

I{aXou) ^ I{Xou) ^ I{U) (3.1) 

By the minimality of U, the above inequalities must be equalities: 

a=l, I{Xou)=I{U). (3.2) 

Therefore Xqu is also a ground-state. Note that J{U) = J{Xqu) implies that U{x) = u{x)X{x) 
a.e. X e , where X{x) e X. 

Since X^u is a bound-state for (M-NLS), one easily checks that 

- Xu + LVU = f,nax\u\'^^U (3.3) 
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and so, setting c = (/max)^'^^^, cu is a bound-state for (1.71. The fact that Xqu is a ground-state 
clearly implies that cu is a ground-state for (1.7l. Hence u = c“^uo, with uq ground-state of 
(1.7). From the maximum principle, u > 0 in ffi™. 

Since U(x) = u(x)X(x) is a bound-state, inserting this expression into system (M-NLS), one 
obtains 

2Xu-XXi + uAXi = 0, i = (3.4) 

By integration by parts, 

J uXiVu ■ XX, = - ^uXiXu ■ XXi - J \uf\XX,\^ - J \u\^XiAXi 


= - I uXiVu ■ XXi - J \u\^\XX,\^ -f 2 J uX,Xu ■ XX,, 
= I uX,Xu-XXi- I lul^lXXA^ 


J- 


J' 


Hence 


(3.5) 


J|unvx,|2 = 0, z=l,...,M. 

which implies that Xi is constant. Therefore 

U = uX,X G X. (3.6) 

Finally, since u > 0, one may write Ui{x) = \ui{x)\e''^^^'> = u{x)Xe^^^^\ Then, since I{U) = I{U), 


^ M ^ M 

|V|u,|p = + \XU,\^ = liU) = liU) 

^ i=l ^ 2=1 


« M 

2=1 


M 


uj\u,f + \Xu,f = 2 0 j\u,\^ + |V|u,||2 -f \u,f\X0,{x)f. 

i=l 


One then concludes that 9i is constant, which ends the proof. □ 

Remark 6. As expected, this approach is only possible since the norms inside functional I are 


the same. This is not the case for the general system (M-NLS’ 


4 System (M-NLS’): Perturbation theory 

Lemma 9 (Monotonicity of the action with respect to w). Let uj = (uji, ...,u}m) cin-d to' = 
{uj[, be such that uj > uj'. Fix a matrix K = G Let be a 

ground-state of 

M 

Alii - WiUi 4-^ = 0 i = l,...,M (4.1) 

j=i 

and be a ground-state of 


M 


Aui — OJ^Ui + Y = 0 i=l,...,M. 

1=1 


(4.2) 


Then J{U‘^) > J(t7‘^'). 






Proof. Simply recall that 


J{U^) 


M 


M 




> 


JiU) = 


inf ^1 ]w'||m*|| 2+ ||Vu*||2 


Jiu)= 


(4.3) 

□ 


Analogously, we may obtain the following: 


Lemma 10 (Monotonicity of the action with respect to K). Fix oj G (IR+)^. Consider matrices 
K = {kij)i^ij^M £ and K' = ^ such that K ^ K'. Let he a 

ground-state of 


M 


Aui - uJiUi + '^kij\uj\P''''^\ui\P ^Ui = 0 i=l,...,M 
j=i 


(4.4) 


and be a ground-state of 


M 


Aui - Lj^Ui+ k'ijl 

t=i 




= 0 1=1,..., M. 


(4.5) 


Then I{U^') > I{U^). 

Suppose that one wishes to study G'+ in function of a given set of couplings. Let P a nonempty 
symmetric subset of {1,..., and fix a matrix K G . Given /3 G K, consider the system 

A'Uj-Wi'Uj+ + Xj likij\ujf‘^'^\ui\P~'^Ui = t), z=l,...,M (4.6) 


Suppose, for the sake of simplicity, that kij > 0, (t,j) G P. Everytime a functional, a set or a 
solution depends on /3, we shall place a subscript /3. 

Set 

P+1 

Ip={ inf /([/)) ' . (4.7) 

\JAU)=i J 

For any X cz {1,...,M}, define 



( inf 

\Jp(U) = l,Ui = 0,itX 



P + 1 
P 


'Tsem ._ 


mm £q . 


(4.8) 


Notice that Ip = Then G+ = G iff X,g < 

From the results regarding existence of ground-states, we know that, for each X c {1,..., M}, 
there exists fix such that /3 ^ fix iff if = +oo- Define 

r^:= min fx, /? :=(+9) 


Then 

1. If /3 ^ fi, there are no ground-states; 

2. If fi < fi ^ all ground-states are nontrivial; 
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3. If < /3, both Ip and If^ are finite. 

Proposition 11. For any X c the mapping (3 G K, is continuous (in 

In particular, Xp and are continuous with respect to (3. 

Proof. Notice that we only need to prove the proposition for X = M}, since any other 

case may be reduced to this one. 

Fix /3o e M. If /3o < (3, then Ip = +cx) in a neighbourhood of /3o and so it is continuous. 

If /?o > §, let (3n /?o- By definition, there exists {Un} c such that 


/([/„) =X^„, Jp^{Un) = l. (4.10) 

Let A„ = Jpo{Un)~^^'^P. Then J/ 3 o(A„[/„) = 1. Moreover, 

= \JpoiUn) - JpAUu)\ = \l3n-(3o\\Jp{Un)\ (4.11) 

Since 

|Jp(C/n)| < C\\UnfP+^ ^ CI{UnfP+^ ^ CiIpSP+^ < C, (4.12) 

we obtain A„ —> 1. Therefore, 

liminfX,g^ = Mmini I{Up^) = liminf/(A„L(g^) ^Ipg. (4-13) 

On the other hand, for n > 0, let U be such that 

Ip,=I{U), Jp,{U) = l. (4.14) 

Define A" = Jp„{U)~^^‘^P. As before, Jp„{X^U) = 1 and A” —> 1. Hence 

Ipg = I{U) = lim/(A"17) ^ limsupX^^. (4.15) 


Therefore Ip is continuous for (3 > (3. 

If /?o = ^ and f3n^ (3 q , consider [/„ as above. Then 

1 = Jp^U) = Jp„{Un) + (/?„ - MMUn) ^ CiPn - Po)IiUnfP+^. 
and so Ip^ = I{Un) co = Ip^. 


(4.16) 

□ 


Lemma 12. Suppose that (3 < . For (3 sufficiently close to G = G+. 


Proof. Since (3 < there exists U nontrivial such that, for some m > 0 and for (3 close to 

l^sem 

Jp{U) > m. 

This implies that 

1 


Ifi ^ 


^I{U) 


mp+i 


On the other hand, since X^®™ is continuous, for (3 sufficiently close to /3® 

P+1 

1 


'Tsem 
X/O > 




mp+^ 


>Ifi. 


Therefore G = G+. 


(4.17) 

(4.18) 


(4.19) 

□ 
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Proof of corollary^ 

1. First part: take P = {(1,1), (2, 2)}. One easily observes that = 0 and that /? < 0. 

Therefore, using the previous lemma, for l3 > 0 small enough, G = . 

2. Second part: take P = {(*, j), 1 ^ < M, i j}. A simple calculation shows that 

I3{M) = 2f{M — 1) and = /3(M — 1) = 2/(M — 2). Therefore, by the previous 

femma, there exists e > 0 such that, for 2/(M — 1) < < 2/(M — 2) + e, G = G+. □ 

The same procedure may be applied to study the dependence of G"*" on a; = (wi,..., wm)- 
Suppose that uji > 1,'ii (this condition is not restraining at all, since any case may be reduced 
to this one by a simple scaling). Define 

?7 = — ^mir^ l/(wi — 1). (4.20) 


For r] > rj, consider the system 


M 

+ = z=l,...,M. (4.21) 

i=i 

Now we write the dependence on rj as, & superscript. If one defines 

P + 1 

and, for any X c {1,...,M}, 

(J")^ := ( inf I^(U)] ^ ■= min (I’')^, (4.23) 

\J(U) = l,Ui=0,itX J 

we have once again G = G+ iff < (X'')®®"*. As before, we may show that 

Proposition 13. For any X c {1,M}, the mapping rj (X^)^ ,r] > rj, is continuous. In 

particular, X"^ and (X’*)®®'" are continuous with respect to rj. 

Proof of corollary^^ First of all, notice that, if G is a ground-state, V = is a ground-state 

of 

^ h 

Aitj - WiUj + 2 = 0, i=l,...,M. (4.24) 

i=i 

Therefore, we may consider that 6=1 and that the diagonal terms are small. Then such a 
system may be seen as a /5-perturbation of 

M 

Au^-u!iU^+ = 0, i=l,...,M. (4.25) 


We note by X(u}i ,..., ujm) the corresponding ground-state action level. By the monotonicity prop¬ 
erties, X{uji, ...,ujm) ^ On the other hand, if X®®™(wi, ..., wm) is the semitriv- 

ial ground-state action level (that is, the lowest action among semitrivial bound-states), then 
Xsem(^i, ^ X®®"‘(tLii, ...,tLii). The proof will be concluded if one proves that 


X®^'"(a;i,...,a;i) >Z(a;M,...,a;M). 


(4.26) 
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Using a suitable scaling, we have 




2-p{N-2) 2-p{N-2) 


1(1,..., 1). (4.27) 


Therefore we only have to compare the ground-state and semitrivial ground-state actions 
levels for 

M 

Aui-Ui+ ^ \uj\P~^^\ui\P~'^Ui = 0, i = (4.28) 

We claim that any nontrivial ground-state of must be of the form U = with 

Ui = (M — l)~^uo, where uq is a scalar ground-state: by theoremj^ 


Ui QiUQj (Xi > 0 

Inserting this information in the system, we have 


j¥=i 


(4.29) 


(4.30) 


Suppose, w.l.o.g., that ai < 02 and oi ^ ai,i^ 2. Then 

1 =4-^ 


(4.31) 


This is a contradiction, since the first sum is larger than the second. Therefore ai = ... = qm = a 
and so 

a^^{M - 1) = 1, (4.32) 

yielding the claim. Now compute the action for such a ground-state: 

I{U) = ^ I{uo). (4.33) 

(M — 1) p 


Since the mapping M 1 -^ M/{M — l)p is strictly decreasing and any semitrivial ground-state is 
a nontrivial ground-state for the same system with M — L equations, for some L e N, we have 


M 

Z(l,...,l) = --^J(uo) 

{M -l)p 


(4.34) 


M-L 


X®®™(1,...,1) = min ( 

The result follows from (|4.27 1 and hypothesis (|1.11|) . □ 


-/(uo) > = 


M- 1 
{M - 2) p 


-/(uo)- 


(4.35) 


Proof of proposition^^ First of all, using the characterization result, any nontrivial ground-state 
is of the form U = (aiUo)is 5 is 53 , with ug a scalar ground-state. Inserting this formula in the 
system and writing bi = of, 

r hi{bl + bl) = l 

< b2{h\ + 6§) = 1 (4.36) 

[ bz{h\ + bl) = l 
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Suppose, w.l.o.g., that bi 7 ^ 63 . Multiply the first equation by bi, the third by 63 and take the 
difference. Then 

blibl - bl) = 61 - & 3 , i.e., blib, + 63 ) = 1. (4.37) 

Define x = bijb 2 , y = & 3 / 62 - The above and the second equation imply 

= \/h\ = X + y. (4.38) 

Now divide the system by b^ and take the difference between the two last equations: 

x"^ + y"^ = y{x'^ + 1). (4.39) 

Hence x = yx^ and so y = 1/x. Therefore x'^ + 1 = x^ + x. One easily checks that x = 1 is the 
only positive solution to this equation. Therefore x = y and bi = 63 , which is absurd. Therefore 
bl = b 2 = 63 and so Ui = a =: 2 “^/®. 

We observe that V = (1, l,0)uo is also a bound-state. Now compute the action of U and V: 

(4-40) 

This means that U cannot be a ground-state, which ends the proof. □ 

5 System (M-NLS’): Mandel’s characteristic function 

Once again, consider system ( |4.6[ ): for a given nonempty symmetric subset P of {!,..., and 
/3 G K, 


Aui - ujiUi+ ^ ki 




H+ 2 ^Ui = 0,i = (5.1) 


{h3)tP {i,j)eP 

For the sake of simplicity, we suppose that kij > 0,V(i,j) G P. We define 


jp{u)= Yi fcb jnp{u)= y 


|P+lL, .|P +1 


(5.2) 


{iJ)eP 


(P3)tP 


As before, we shall place a subscript fi whenever a solution, function or set depends on /3. 
Suppose that A 0. Therefore there exists Up nontrivial bound-state such that 


I{Up)^Xp. 


Since I{Up) = Jp{Up), 


^ jNP{up)+pjp{Up) > 


Hence 


Define 


/3^ 


MUy) 

IiUp)P+^(II^"^)-p - JNpiUp) 


Jp{Up) 


= : Bp{Up). 


inf Bp{U). 
C/€(ffi(R«)\{ 0 })“ 


(5.3) 

(5.4) 

(5.5) 

(5.6) 
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Then /3 < /3 clearly implies = 0. Moreover, it is not hard to check that, if /3 > /3, Gj = Gp. 
Also, if /3 = /3, G; 3 \G+ ^ 0. 

Let us look deeper into the properties of /3. Suppose, for instance, that $o > Pq. Then 

> {IIPTY, VC7 : Jp{U) ^ 0. (5.7) 

> 

Take Po ^ ^ Po- If (the best semitrivial bound-state) satisfies Jp{Up^'^) 7 ^ 0, then 

j(jj^em)p+l j/jjsem)p+l 

which is absurd, by the monotonicity properties. Therefore JpiUp^'^) = 0, for all P G [Pq,Po\- 
In turn, by the definition of , we see that it is constant in this interval and so the function 

P ^ P is constant on [/3o,/3o]. Moreover, since P < po = P, G^ = 0 for all /3 G [/?o,/3). 

So condition P > P has more implications than the simple dichotomy seen in [T2|. Precisely 
because of this fact, is not as powerful when studying the nonemptiness of G"*" as one would 
desire: for example, if P contains all diagonal terms, one has ^ /3 for all (3. 


Proof of proposition Suppose that G is a ground-state for a sequence /3„ —> 00 . The 
hypothesis on P implies that 

/(G)p+i i{ur+^ 

MU) J{U) • ^ ^ 

Since, for each /3„, G is the semitrivial bound-state with the lowest action, this implies that 
Pn = l,Vn. Taking no large, png > 1 = png, which implies that G = G+, contradicting G G G.D 


Proof of proposition^ Through a normalization, one may assume p = 1. From |12| . the 
property is true for M = 2. We now proceed by induction: suppose that the result is true for 
M — 1 equations. Then there exists Pm-i and Go with only one nonzero component such that 


/(G)P+i ^ /(Go)P+i 
Jp{U) ^ Jp{Uo) 


/(Go)P+i 

J{Uo) 


J(Go)^,VG semitrivial ,V0 < /3 < Pm-i- 


(5.10) 


Consider the function fi 1 -^ p. Since Go has only one nonzero component, /3 is constant on 
(0,/3 m-i)- Take any G such that Jp{U) 7 ^ 0. W.l.o.g., assume that the last component has the 
largest LpP+'^ norm. For each 1 ^ ^ M, define 


u 


'i II 2p+2 

||wm|| 2 p +2 


^ 1? k) ((^z)i; YPm)-! Yi)j U07 


Then, using (5.10) and JpfVi) = J{Vi), 

I{U)P+^{I{Uo))-P - Jnp{U) _ (S*=i I~^{Uo) - Xtii J{Vi) 


Jp{U) 


Jp{U) 


> 


( i(Vm) I r-P('rr'i _ 1 _ 

\ JOAfP/lp+Ty + Zji=i 'i j(Vi)i/(p+i) J ^ Woj Zji=i 

' Jpju) 

J(Vm) 


-1 0P+2 


9 ^M-1 P+1 p+1 p+1 

^Zj2=1 'i = 'j 


= : g(ri, ...,rM-i) 


(5.11) 


14 



















Since p ^ 1, g is bounded below over the set [0, by a constant m > 0. Hence Bp{U) > 

m > 0,yU. Therefore, taking Pm = inin{/3M-i, w}, we see that /3 > m > /3, for 0 < /3 < Pm- 
The properties of P imply that the result is true for M equations. □ 


6 Examples 


Example 1. Consider M = 3, p = 1 and suppose that the coefficient matrix K is of the form 


K = 


0 a b 
a 0 c 
b c 0 


Now one must divide in several cases: 


a ^ b ^ ce IR\{0}. 


( 6 . 1 ) 


• c < 0: in this case, the condition for the existence of ground-states is not verified and so 
there are no ground-states; 

• c > 0,6 < 0: applying theorem 6 of [2], any ground-state satisfies either ui = 0 or 
U 2 ,U 3 = 0. The second possibility implies that ui satisfies — Aui + ui =0, which is 
impossible. Therefore ui = 0. Since U = (aiUo)isgi- 53 , a direct substitution on the system 
gives 02 = 03 = 


• & > 0: suppose that [/ is a nontrivial ground-state. Then, inserting the characterization 
formula in the system (M-NLS), we obtain 


= X={alalalf. 


The determinant of K is 2abc. Now, using Cramer’s rule. 


a + b — c 
2ab ’ 


a + c — b 
2ac ’ 


b + c — a 
2bc 


( 6 . 2 ) 


(6.3) 


This implies that {a + b — c)a > 0 and (o + c — h)a > 0. Now, if 1/ is a semitrivial 
ground-state, using the characterization and the fact that a, b, 


V = 




Uo- 


(6.4) 


Now, comparing the actions of these two solutions, the condition for the existence of non¬ 
trivial ground-states is 


— o^ — b^ — + 2ab ■+ 2bc -f 2oc 

2ab 


which, for o > 0, simplifies to 


2c(a -f 6) ^ (a -f 6)^ -I- c^, i.e., {a + b — c)"^ ^ 0. 


(6.5) 


( 6 . 6 ) 


Therefore, for a > 0, one has the following: 


— if a + 6 ^ c, 


0, since system (6.21 has no positive solutions. This implies 


G = 



Uo : Uo e G(i_ArLS) 


(6.7) 
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— if a + & > c, then 


G = 





a + c — 
2ac 


b 



uq : uq e G'(i_Aris) 


( 6 . 8 ) 


For a < 0, inequality ( 6.61 is reversed and strict, hence G'+ 


0 . 


Hence the necessary and sufficient condition for the existence of nontrivial ground-states with 
a^6^ceKisa-l-5>c. 


Example 2. Consider M = 3, p = 1 and suppose that the coefficient matrix K is of the form 

K = 

The previous example may be seen as a limit when a, b, c are very large. With some computations, 
one derives the following: 

• The possible semitrivial ground-state is given by 


lab 
ale 
b c 1 


(6.9) 


V = 



—V 

V l + C Vl -f c / 


( 6 . 10 ) 


• The possible nontrivial ground-state, [/ = (aiUo)isSi^ 3 ) is given by 

2 1 -I- (a -I- b)c — a — b — 2 l + (a-l- c)b — a — c — b^ 

1 - 1 - 2abc — 1 - 1 - 2abc — a? — ’ 


( 6 . 11 ) 


2 l + (c-l-6)a — c—6 — 

1 + 2abc — 

We assume that a, 6 , c are such that all numerators and denominators above are positive. 
Notice that this is true for a, b, c large enough and a + b > c. 


As in the previous example, if one compares the corresponding action levels, one has G"*" ¥= 0 
iff 

0 ^ {a + b — c)(a + b — c — 2). ( 6 - 12 ) 

Since we assumed that a + b > c, the condition is simply a + b > c + 2. We see that, even 
for systems where the couplings kij,i ^ j, are large comparing to the diagonal terms kn, one 
may have G+ = 0. This does not go against the conclusion of corollary and the perturbation 
arguments: the problem here is that a, b and c are not close to each other. This example shows 
that, in order for one to have G"*" ^ 0, one must take into account the relation between coupling 
coefficients. 


Example 3. Consider system (3-NLS), p = 1 and the coefficient matrix 


K = 


0 b 1 
6 0 2 
1 2 fi 


6 > 0 , /r e K. 


(6.13) 


Using the characterization, everything is reduced to the study of the proportionality constants 
oi, 02 and 03 . For the sake of simplicity, a: = of, y = a^, z = a§. It is now a simple calculation 
to obtain the following: 
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• Semitrivial A: The possible ground-state with a; = 0 satisfies y = (2 — ^)/4, z = This 
solution only exists if 2 > /i. 

• Semitrivial B: Analogously, the possible ground-state with a; = 0 satisfies x = 1 — fj,, z = 1. 
This solution only exists if 1 > /a. 

• Semitrivial C: The possible ground-state with z = 0 satisfies x = y = 1/6; 

• Semitrivial D: If a; = y = 0, then z = l//a. This solution only exists if /i > 0; 

• Nontrivial E: For the possible nontrivial ground-state, 

yb—2b+2 yb — b — 1 6 — 3 

This solution exists only if 6 > 3 and y > 2(6 — l)/6 or if 6 < 3 and y. < 2(6 — l)/6. 

The action for each of these solutions is (up to a constant) 


A : 


4-y 


B:2-y, C = 2/6, D:l/y E : 


6^ -I- (2/i — 6)6 -I- 1 
b{yb - 4) 


(6.15) 


Now we compare the various actions, whenever the solutions exist: 

1. First of all, A is always lower than B so one may discard this solution; 

2. The solution D is best if /a > 2, 6/2; 

3. A tideous computation shows that E is the ground-state if 6 < 3 and /a < 2(6 — l)/6; 

4. In the remaining area, A is better than C'if2>/i>4 — 8/6. 

Intersecting these comparisons with the domains where each solution exists, we obtain dia¬ 
gram 2, which is already revealing of the complexity of this problem. 

Several remarks are necessary: 

1. First of all, we see that, for 6 < 3, when —/a is very large, the ground-state is nontrivial. 
Moreover, if 6 > 3, no value of y produces nontrivial ground-states; 

2. One might think that some solutions (for example, the nontrivial one), if they exist, would 
always have minimal action. However, the reader may check that this is not true for this 
system; 

3. It is natural that one never has aai A 0 and U 2 = 0, since the coupling coefficients associated 
with the second component are larger than the coefficients associated with the first com¬ 
ponent. In fact, this is a consequence of the monotonicity with respect to the coefficient 
matrix; 

4. Take, for example, 6 = 4. One sees that the mapping y y is constant up to y = 2 and 
y = y for y > 2. On the other hand, if one sets y = 1, one observes that mapping 6 i—> 6 is 
constant up to 6 = 2, 6 > 6 for 2 < 6 < 3 and 6 = 6 for 6 > 3. In any case, one may observe 
that these mappings are continuous. 
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Figure 2: Regions of the b — ^ plane where each solution is a ground-state. 


7 Further comments 

One of the main ideas that it should be clear at the end of this work is that the system (M-NLS’) 
for M = 2 has a much simpler structure than the case M = 3. The examples we presented put in 
evidence the complexity of this problem. Using the characterization theorem, one should build 
more examples to see which properties one may expect or not. It would be especially interesting 
to build a nontrivial example for p > 1 and see how does the set G+ evolve as a function of the 
parameters. 

Another problem related with system (M-NLS’) is the existence of bound-states with the 
lowest action among nontrivial bound-states. This is not trivial at all, especially because it lacks 
a suitable variational formulation. Some attempts, using generalized Nehari manifolds, have 
proven the existence of such bound-states. It would be interesting to see if one may extend the 
characterization theorem to this case. 

One of the reasons for which ground-states are an interesting object to study is because 
they give rise to periodic solutions for (1.1). In this context, one may study the stability of 
these solutions. It is known (see m, 0, m) that the variational properties of the ground- 
states influence deeply their stability. We would like to point out the following: using the 
characterization theorem, we see that there exists a bijection between the set of ground-states 
and the set of solutions of a constrained maximization problem over K^. Now consider local 
solutions of the same constrained problem in K^. These solutions give rise to bound-states, 
which may or may not be ground-states. However, the local maximization property should be 
enough to prove results on local stability. 
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